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Â ðàáîòå ðàññìàòðèâàþòñß êâàíòîâûå ïåðåõîäíûå âåðîßòíîñòè. Äîêà-
çûâàåòñß, ÷òî èõ âû÷èñëåíèå ñâîäèòñß ê ðåøåíèþ ñèñòåìû ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðßäêà. Îïèñûâàåòñß ìåòîä èõ
âû÷èñëåíèß è îáñóæäàåòñß ïðèìåíåíèå äëß ïîñòðîåíèß èìèòàöèîííûõ
ìîäåëåé ýâîëþöèè.
Quantum transitive probabilities are considered. It is proved that their
calculation is reduced to the decision of the ﬁrst order linear diﬀerential
equations system. The method of their calculation is described and ap-
plication for construction of simulation models of evolution is discussed.
Êëþ÷åâûå ñëîâà: êâàíòîâàß ïåðåõîäíàß âåðîßòíîñòü, íàïðàâëåííîñòü,
ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå, èìèòàöèîííûå ìîäåëè ýâîëþ-
öèè.
Keywords: quantum transitional probability, direction, linear diﬀerential
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1. Ââåäåíèå
Â ïðåäëàãàåìîé çàìåòêå ïðèâîäèòñß àëãîðèòì íàõîæäåíèß êâàíòîâîé ïåðåõîä-
íîé âåðîßòíîñòè â ñëó÷àå, êîãäà ÷èñëî ñîñòîßíèé êâàíòîâîé ñèñòåìû íå áîëåå ÷åì
ñ÷åòíî. Ïîêàçûâàåòñß, ÷òî âû÷èñëåíèå ïåðåõîäíûõ âåðîßòíîñòåé, ïî ñóùåñòâó, ñâî-
äèòñß ê ðåøåíèþ, âîîáùå ãîâîðß, ñ÷åòíîé ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðßäêà. Â ñëó÷àå, êîãäà ðàññìàòðèâàþòñß êâàíòîâûå âåðî-
ßòíîñòè ïåðåõîäîâ èç îäíîãî ñîñòîßíèß â äðóãîå íà èíòåðâàëå âðåìåíè (τ, t) ïðè
óñëîâèè íåâûõîäà ïðîöåññà èç çàäàííîãî êîíå÷íîãî ìíîæåñòâà ñîñòîßíèé A íà
(τ, t), ïîêàçûâàåòñß, ÷òî ïðèìåíèì òîò æå ìåòîä ðàñ÷åòà. Ïðè ýòîì, íàõîæäåíèå
êâàíòîâûõ óñëîâíûõ âåðîßòíîñòåé ñâîäèòñß ê ðåøåíèþ êîíå÷íîé ñèñòåìû ëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðßäêà.
2. Êâàíòîâûå ïåðåõîäíûå âåðîßòíîñòè ñî ñ÷åòíûìè ìíîæåñòâàìè
ÏóñòüH  ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî è {ψj} j = 1, 2, . . .  îðòî-
íîðìèðîâàííûé áàçèñ â H. Ìíîæåñòâî Ω = {1, 2, . . . } îáðàçóåò ñ÷åòíîå ìíîæåñòâî
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ýëåìåíòàðíûõ ñîáûòèé. Ââåäåì íà Ω ïðîåêòîðîçíà÷íóþ ìåðó Eˆ, äåéñòâóþùóþ â
H, òî åñòü äëß êàæäîãî j ∈ Ω, Eˆ(j)  îðòîãîíàëüíûé ïðîåêòîð: Eˆ(j)ψj = ψj ,
Eˆ(Ω) = I, ãäå I  îïåðàòîðíàß åäèíèöà.
Ââåäåì ñòàòèñòè÷åñêèé îïåðàòîð ρˆ =
∑
k∈Ω
wkρˆk, ãäå ρˆk = Eˆ(k),
∑
k∈Ω
wk = 1, wk ≥
0, k ∈ Ω. Êàæäûé ñòàòèñòè÷åñêèé îïåðàòîð ρˆ ñîîòâåòñòâóåò íåêîòîðîìó ñîñòîßíèþ
êâàíòîâîé ñèñòåìû ρ. Ñîñòîßíèå ρ íàçûâàåòñß ÷èñòûì, åñëè ñîîòâåòñòâóþùèé åìó
ñòàòèñòè÷åñêèé îïåðàòîð èìååò âèä ρˆ = Eˆ(k), òî åñòü ρˆ = ρˆk. Ñîáñòâåííûé âåêòîð
ψk îïåðàòîðà ρk íàçûâàåòñß âåêòîðîì, èíäóöèðóþùèì ñîñòîßíèå ρ.
Ïóñòü Hˆ ñàìîñîïðßæåííûé îïåðàòîð â H, ñ îáëàñòüþ îïðåäåëåíèß D(Hˆ). Ïî-
ëîæèì Eˆt(j) = eitHˆEˆ(j)e−itHˆ . Ñîãëàñíî Ôîí Íåéìàíó, ñòàöèîíàðíàß êâàíòîâàß
âåðîßòíîñòü ïåðåõîä èç ñîñòîßíèß r â ìîìåíò τ , â ñîñòîßíèå j â ìîìåíò t, â ñëó-
÷àå, êîãäà ñèñòåìà â íà÷àëüíûé ìîìåíò íàõîäèòñß â ÷èñòîì ñîñòîßíèè ρ, íàõîäèòñß
ïî ôîðìóëå [1]:
Pρ(t, j | τ, r) = tr(Eˆt−τ (j)ρˆr),
ãäå r, j ∈ Ω, ρˆr = Eˆ(r), tr(Eˆt(j)ρˆr) = 〈ψr, Eˆt(j)ψr〉, 〈 〉  ñêàëßðíîå ïðîèçâåäåíèå
â H.
Áóäåì ãîâîðèòü, ÷òî ψ ∈ H åñòü öèêëè÷åñêèé âåêòîð âH îòíîñèòåëüíî ìåðû Eˆ,
åñëè äëß ëþáîãî φ ∈ H, φ = ∑
k∈Ω
αkEˆ(k)ψ, ãäå αk  êîìïëåêñíûå ÷èñëà. Ïîëîæèì
Hkj = 〈ψk, Hˆψj〉, k, j ∈ Ω.
Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 1. Ïóñòü Pρ(t, j | τ, r), r, j ∈ Ω, 0 ≤ τ < t < ∞  ïåðåõîäíàß âåðîßò-
íîñòü ñòàöèîíàðíîãî êâàíòîâîãî ïðîöåññà ñî ñ÷åòíûì ìíîæåñòâîì ýëåìåíòàðíûõ
ñîáûòèé, ρ  ÷èñòîå ñîñòîßíèå. Åñëè ψ  öèêëè÷åñêèé âåêòîð â H, îòíîñèòåëüíî
Eˆ ïðèíàäëåæèò D(Hˆ), òî
Pρ(t, j | τ, r) = |yrj(t− τ)|2,
ãäå yrj(t) = 〈ψj , ψj(t)〉  íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïàðàìåòðó t ∈ (−∞,+∞),
äëß ëþáûõ r, j ∈ Ω è óäîâëåòâîðßåò îäíîâðåìåííî äâóì ñèñòåìàì ëèíåéíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîßííûìè êîýôôèöèåíòàìè
1
i
d
dt
yrj(t) =
∑
k∈Ω
Hrkykj(t),
1
i
d
dt
yrj(t) =
∑
k∈Ω
yrk(t)Hkj ,
yrj(0) = δrj , r, j ∈ Ω.
Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ êâàíòîâîé ïåðåõîäíîé âåðîßòíîñòè
Pρ(t, j | τ, r) = tr(Eˆt−τ (j)ρˆr) = 〈ψr, Eˆt(j)ψr〉.
Â ñèëó óñëîâèß òåîðåìû ψ  åñòü öèêëè÷åñêèé âåêòîð, ñëåäîâàòåëüíî, Eˆ(r)ψ 6= 0
äëß ∀r ∈ Ω. Ïîêàæåì, ÷òî Eˆ(r)ψ ∈ D(Hˆ). Äîïóñòèì ïðîòèâíîå, òî åñòü, Eˆ(r)ψ /∈
D(Hˆ), íî òîãäà è Eˆ(Ω\r)ψ /∈ D(Hˆ), òàê êàê â ñèëó óñëîâèß òåîðåìû ψ ∈ D(Hˆ) è
ψ = Eˆ(r)ψ + Eˆ(Ω\r)ψ.
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Èç óñëîâèß Eˆ(r)ψ, Eˆ(Ω\r)ψ 6= 0, ïîëó÷àåì, ÷òî äâà îðòîãîíàëüíûõ âåêòîðà íå
ïðèíàäëåæàò îáëàñòè D(Hˆ), êîòîðàß âñþäó ïëîòíà â H. Òî åñòü ïðèøëè ê ïðîòè-
âîðå÷èþ. Èòàê, Eˆ(r)ψ ∈ D(Hˆ) äëß ∀r ∈ Ω. Ñëåäîâàòåëüíî, ψj = E(j)ψ/‖E(j)ψ‖ ∈
D(Hˆ), j ∈ Ω.
Ïóñòü, yrj(t) = 〈ψr, ψj(t)〉, ãäå ψj(t) = e−itHψj . Òîãäà yrj(0) = δrj è
Pρ(t, j | τ, r) = 〈ψr, ψj(t− τ)〉〈ψj(t− τ), ψr〉 = |yrj(t− τ)|2.
Â ñèëó òîãî, ÷òî ψj ∈ D(Hˆ) äëß ∀r, j ∈ Ω, ôóíêöèß yrj(t) íåïðåðûâíî äèôôå-
ðåíöèðóåìà ïî ïàðàìåòðó t ∈ (−∞,+∞) è
d
dt
yrj(t) = i〈ψr, Hˆψj(t)〉.
Ó÷èòûâàß, ÷òî 〈ψr, Hˆψj(t)〉 =
∑
k∈Ω
〈Hˆψr, ψk〉〈ψk, ψj(t)〉 =
∑
k∈Ω
Hrkykj(t), ïîëó÷àåì
ïåðâóþ ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ËÄÓ) ñ ïîñòîßííû-
ìè êîýôôèöèåíòàìè. Àíàëîãè÷íî, ó÷èòûâàß, ÷òî 〈ψk(t), Hˆψj(t)〉 = 〈ψk, Hˆψj〉 äëß
∀t ∈ (−∞,+∞) è 〈ψr, Hˆψj(t)〉 =
∑
k∈Ω
〈ψr, ψk(t)〉〈ψk(t), Hˆψj(t)〉 =
∑
k∈Ω
yrk(t)Hkj , ïî-
ëó÷àåì âòîðóþ ñèñòåìó ËÄÓ. Òåîðåìà äîêàçàíà.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì êâàíòîâóþ ñèñòåìó, êîòîðàß ìîæåò íàõîäèòüñß
â äâóõ ñîñòîßíèßõ {1} è {2}. Òîãäà, ðåøàß ñèñòåìó ËÄÓ
1
i
d
dt
yrj(t) = Hjjyrj(t) + yrr(t)Hrj , j, r = 1, 2,
1
i
d
dt
yrj(t) = yrj(t)Hjr + yrr(t)Hrr, j 6= r,
ïîëó÷àåì äëß êâàíòîâûõ ïåðåõîäíûõ âåðîßòíîñòåé ñëåäóþùèå ôîðìóëû:
Pρ(t, j | τ, r) = (4HrjHjr/κ) sin2
(
1/2
√
κ(t− τ)),
Pρ(t, r | τ, r) = 1− Pρ(t, j | τ, r), j, r = 1, 2, j 6= r,
ãäå κ = (Hjj −Hrr)2 + 4HrjHjr.
3. Êâàíòîâûå âåðîßòíîñòè . . . íåâûõîäà ïðîöåññà èç . . .
Äëß áîëåå äåòàëüíîãî èçó÷åíèß ïîâåäåíèß êâàíòîâûõ ïðîöåññîâ ìîæíî ââåñòè
â ðàññìîòðåíèå êâàíòîâûå âåðîßòíîñòè ïåðåõîäà èç îäíîãî ñîñòîßíèß â äðóãîå,
ïðè óñëîâèè íåâûõîäà ïðîöåññà èç çàäàííîãî ìíîæåñòâà ñîñòîßíèé íà íåêîòîðîì
îòðåçêå âðåìåíè.
Ïóñòü L(ab) íàïðàâëåííîå ìíîæåñòâî âñåâîçìîæíûõ óïîðßäî÷åííûõ êîíå÷-
íûõ ïîñëåäîâàòåëüíîñòåé {t1, t2, . . . , tn}, òàêèõ ÷òî a < t1 < t2 < . . . < tn < b.
Ïóñòü {τ1, τ2, . . . , τn} è {t1, t2, . . . , tn} ∈ L(ab), è âñå ýëåìåíòû τ1, τ2, . . . , τn ñîäåð-
æàòñß ñðåäè ýëåìåíòîâ t1, t2, . . . , tn, òîãäà áóäåì ãîâîðèòü, ÷òî, {τ1, τ2, . . . , τn} è
{t1, t2, . . . , tn} ñâßçàíû îòíîøåíèåì ïîðßäêà è ïèñàòü
{τ1, τ2, . . . , τn} Â {t1, t2, . . . , tn}.
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Äëß ëþáîãî A ⊂ Ω è {t1, t2, . . . , tn} ∈ L(ab) ïîëîæèì
Eˆt1,t2,...,tn(A) = Eˆtn(A) . . . Eˆt1(A).
Ïðè êàæäîì ôèêñèðîâàííîì A ⊂ Ω íàïðàâëåííîñòü {Eˆt1(A), . . . , Eˆtn(A)}
{t1, t2, . . . , tn} ∈ L(ab) îòîáðàæàåò L(ab) â W ∗ àëãåáðó Ôîí-Íåéìàíà îãðàíè÷åí-
íûõ îïåðàòîðîâ, äåéñòâóþùèõ â ãèëüáåðòîâîì ïðîñòðàíñòâå H.
Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî íàïðàâëåííîñòü
{Eˆt1,t2,...,tn(A)}(t1,t2,...,tn)∈L(ab), A ⊂ Ω,
ñèëüíî ðàâíîìåðíî íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ t1, t2, . . . , tn îòíîñè-
òåëüíî n, åñëè äëß ∀φ ∈ H è ∀ε > 0 íàéäåòñß òàêîå δ > 0, ÷òî ‖(Eˆt1,...,tn(A) −
Eˆt′1,...,t′n(A))φ‖ < ε ðàâíîìåðíî ïî n, êàê òîëüêî max1≤k≤n |tk − t
′
k| < δ.
Â L(ab) âûäåëèì ëèíåéíî óïîðßäî÷åííîå ìíîæåñòâî M ïîñëåäîâàòåëüíîñòåé
{t(k)1 , . . . , t(k)n }, a < t(k)1 < . . . < t(k)n < b, k = 0, 1, . . . , òàêîå ÷òî
{t(m)1 , . . . , t(m)m } Â {t(n)1 , . . . , t(n)n },
åñëè n < m è max
1≤k≤n
|t(n)k − t(n)k−1| → 0 ïðè n→∞.
Ëåììà. Ïóñòü íàïðàâëåííîñòü {Eˆt1,t2,...,tn(A)}(t1,t2,...,tn)∈L(ab), A ⊂ Ω ñèëüíî
ðàâíîìåðíî íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ t1, t2, . . . , tn îòíîñèòåëüíî n
è ïîäíàïðàâëåííîñòü {Eˆ
t
(n)
1 ,t
(n)
2 ,...,t
(n)
n
(A)}, (t(n)1 , t(n)2 , . . . , t(n)n ) ∈ M ñõîäèòñß â ñèëü-
íîì ñìûñëå ïðè n→∞. Ïîëîæèì
s− lim
n→∞ Eˆt(n)1 ,t(n)2 ,...,t(n)n
(A) = Eˆ(ab)(A).
Òîãäà íàïðàâëåííîñòü {Eˆt1,t2,...,tn(A)}(t1,t2,...,tn)∈L(ab) ñèëüíî ñõîäèòñß, åñëè
lim
n→∞ max1≤k≤n
(tk − tk−1) = 0
è
s− lim
n→∞ Eˆt1,t2,...,tn(A) = Eˆ(ab)(A).
Äîêàçàòåëüñòâî. Ôèêñèðóåì φ ∈ H è ε > 0. Èç ñõîäèìîñòè ïîäíàïðàâëåííî-
ñòè ñëåäóåò, ÷òî íàéäåòñß òàêîå N > 0, ÷òî äëß âñåõ n > N
‖(Eˆ
t
(n)
1 ,t
(n)
2 ,...,t
(n)
n
(A)− Eˆ(ab)(A))φ‖ < ε.
Â ñèëó ñèëüíîé ðàâíîìåðíîé íåïðåðûâíîñòè íàïðàâëåííîñòè ïî ñîâîêóïíîñòè ïå-
ðåìåííûõ t1, t2, . . . , tn, îòíîñèòåëüíî n íàéäåòñß δ(ε), òàêîå, ÷òî äëß ëþáîãî n > 0
‖(Eˆt1,...,tn(A)− Eˆt(n)1 ,t(n)2 ,...,t(n)n (A))φ‖ < ε,
êàê òîëüêî max1≤k≤n |tk − t(n)k | < δ(ε).
Âûáåðåì {t1, t2, . . . , tr} ∈ L(ab), òàê, ÷òîáû max
1≤k≤r
|tk − tk−1| < δ(ε). Ñ äðóãîé
ñòîðîíû âûáåðåì l > N òàêèì îáðàçîì, ÷òîáû max
1≤k≤r
(t(l)k − t(l)k−1) < δ(ε).
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Ïîëîæèì N0 = max(l, r), òîãäà äëß ëþáîãî {t′1, . . . , t′n} Â {t1, . . . , tr}, n > N0
èìååì
max
1≤k≤r
|t(1)k − t(n)k | < δ(ε)
è
‖(Eˆt′1,t′2,...,t′n(A)− Eˆ(ab)(A))φ‖ ≤ ‖(Eˆt′1,t′2,...,t′n(A)− Et(n)1 ,t(n)2 ,...,t(n)n (A))φ‖+
+ ‖(E
t
(n)
1 ,t
(n)
2 ,...,t
(n)
n
(A)− Eˆ(ab)(A))φ‖ ≤ 2ε.
Ëåììà äîêàçàíà.
Åñëè Eˆ(t,τ)(A) ñóùåñòâóåò, òî ìîæíî ââåñòè êâàíòîâóþ âåðîßòíîñòü Pρ(t, j, (t,
τ), A | τ, r), òî åñòü âåðîßòíîñòü òîãî, ÷òî åñëè â ìîìåíò τ ñèñòåìà íàõîäèëàñü â
ñîñòîßíèè {r}, òî â ìîìåíò t ñèñòåìà îêàæåòñß â ñîñòîßíèè {j} è íà èíòåðâàëå
(t, τ) êâàíòîâàß ñèñòåìà íå âûéäåò èç ìíîæåñòâà A ⊂ Ω, r, j ∈ A.
Ââåäåì îïåðàòîð Eˆ(t,τ)(r,A, j) = Eˆt(j)Eˆ(t,τ)(A)Eˆτ (r) è ïîëîæèì ïî îïðåäåëå-
íèþ,
Pρ(t, j, (t, τ), A | τ, r) = ‖Eˆ(t,τ)(r,A, j)ψρ‖2
/‖Eˆτ (r)ψρ‖2,
ãäå ψρ  âåêòîð, èíäóöèðóþùèé ñîñòîßíèå ρ. Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà 2. Ïóñòü Pρ(t, j, (τ, t), A | τ, r), r, j ∈ A, A ⊂ Ω, 0 ≤ τ < t < ∞ ïåðå-
õîäíàß âåðîßòíîñòü ñòàöèîíàðíîãî êâàíòîâîãî ïðîöåññà ñî ñ÷åòíûì ìíîæåñòâîì
ýëåìåíòàðíûõ ñîáûòèé, A  êîíå÷íîå ìíîæåñòâî ýëåìåíòàðíûõ ñîáûòèé, ρ  ÷èñòîå
ñîñòîßíèå, ψ  öèêëè÷åñêèé âåêòîð â H, îòíîñèòåëüíî Eˆ.
Åñëè ψ ∈ D(Hˆ), òî Pρ(t, j, (τ, t), A | τ, r) = |y(A)rj (t−τ)|2, ãäå y(A)rj (t−τ) íåïðåðûâ-
íî äèôôåðåíöèðóåìà ïî ïàðàìåòðó t ∈ [0,∞), äëß ëþáûõ r, j ∈ A è óäîâëåòâîðßåò
îäíîâðåìåííî äâóì ñèñòåìàì ËÄÓ ñ ïîñòîßííûìè êîýôôèöèåíòàìè.
1
i
d
dt
y
(A)
rj (t) =
∑
k∈Ω
Hrky
(A)
kj (t),
1
i
d
dt
y
(A)
rj (t) =
∑
k∈Ω
y
(A)
rk (t)Hkj ,
y
(A)
rj (0) = δrj , r, j ∈ A,
êðîìå òîãî
∑
j∈A
Pρ(t, j, (τ, t), A | τ, r) = 1 äëß ∀A ⊂ Ω.
Äîêàçàòåëüñòâî. Íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñß, ÷òî óñëîâèå ëåì-
ìû äëß íàïðàâëåííîñòè {Eˆt1,t2,...,tn(A)}(t1,t2,...,tn)∈L(ab), ãäå
Eˆt1,t2,...,tn(A) = e
itnHˆEˆ(A)ei(tn−1−tn)Hˆ . . . ei(t1−t2)HˆEˆ(A)e−it1Hˆ
âûïîëíåíû.
Ñëåäîâàòåëüíî, åñëè lim
n→∞ max1≤k≤n
(tk − tk−1) = 0, òî s − lim
n→∞ Eˆt1,t2,...,tn(A) =
Eˆ(τt)(A) ñóùåñòâóåò. Òîãäà ñóùåñòâóåò è Eˆ(τ,t)(r,A, j) = Eˆt(j)Eˆ(τ,t)(A)Eˆτ (r).
Ïóñòü ψj = Eˆ(j)ψ
/‖Eˆ(j)ψ‖, ψj(t) = e−itHˆψj , r = r0.
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Ïîêàæåì, ÷òî ñïðàâåäëèâî
Eˆ(τ,t)(r,A, j)ψρ
/〈ψρ, ψr(τ)〉 = ψj(t) t−τ∫
0
eiτ0Hrr iHrje
i(t−τ0)Hjj dτ0 +
+
∞∑
κ=2
∑
rk∈A\rk−1
k=1,...,κ−1
t−τ∫
0
τκ−1∫
0
. . .
τ1∫
0
F (r0, . . . , rκ−1, τ0, . . . , τκ−1) dτ,
ãäå dτ = dτ0dτ1 . . . dτκ−1,
F (r0, . . . , rκ−1, τ0, . . . , τκ−1) = eiHr0r0τ0iHr0r1e
iHr1r1 (τ1−τ0) . . . iHrκ−1,je
i(t−τ−τκ−1)Hjj ,
åñëè r 6= j.
Ïî îïðåäåëåíèþ
Eˆt(j)Eˆtn−1(A) . . . Eˆt1(A)Eˆτ (r)ψρ = ψj(t)〈ψρ, ψr(τ)〉
n−1∏
k=0
〈ψrk(tk), ψrk+1(tk+1)〉,
ãäå rn = j, r0 = r, t0 = τ , tn = t.
Ïîëîæèì tk = τ + (t − τ)k/n. Òîãäà ïðîèçâåäåíèå ñîìíîæèòåëåé â ïîñëåäíåì
ñîîòíîøåíèè ìîæíî ïðåäñòàâèòü â âèäå
n−1∏
k=0
〈ψrk(tk), ψrk+1(tk+1)〉 =
n∑
κ=1
∑
rk∈A\rk−1
k=1,...,κ−1
∑
k0+...+kκ=n−κ
〈
ψr0 , ψr0
(
t− τ
n
)〉k0
×
×
〈
ψr0 , ψr1
(
t− τ
n
)〉〈
ψr1 , ψr1
(
t− τ
n
)〉k1
. . .
. . .
〈
ψrκ−1 , ψrj
(
t− τ
n
)〉kκ 〈
ψj , ψj
(
t− τ
n
)〉kκ
.
Ó÷èòûâàß, ÷òî 〈ψr, ψk(t)〉 íåïðåðûâíî äèôôåðåíöèðóåìà ïî t, t ∈ (−∞,+∞), äëß
∀r, k ∈ Ω, è â îêðåñòíîñòè íóëß 〈ψr, ψk(t)〉 = iHrkt+ o(t), ïðè κ = 1, ïîëó÷àåì
lim
n→∞
∑
k0+k1=n−1
〈
ψr, ψr
(
t− τ
n
)〉k0 〈
ψr, ψj
(
t− τ
n
)〉〈
ψj , ψj
(
t− τ
n
)〉k1
=
=
t−τ∫
0
eiτ0Hrr iHrje
i(t−τ−τ0)Hjj dτ0, (2)
ïðè ôèêñèðîâàííîì κ > 1 èìååì
lim
n→∞
∑
k0+...+kκ=n−1
〈
ψr0 , ψr0
(
t− τ
n
)〉k0 κ∏
l=1
〈
ψrl−1 , ψrl
(
t− τ
n
)〉〈
ψrl , ψrl
(
t− τ
n
)〉kl
=
=
t−τ∫
0
τκ−1∫
0
. . .
τ1∫
0
eiτ0Hr0r0 iHr0r1e
i(τ1−τ0)Hr1r1 . . . iHrκ−1rκe
i(τκ−τκ−1)Hrκrκ dτ, (3)
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ãäå r = r0, j = rκ.
Ââåäåì îáîçíà÷åíèå
ακ(n) =
∑
rk∈A\rk−1
k=1,...,κ−1
∑
k0+...+kκ=n−κ
〈
ψr0 , ψr0
(
t− τ
n
)〉k0
. . .
〈
ψrκ , ψrκ
(
t− τ
n
)〉kκ
.
Èç ñîîòíîøåíèé (2), (3) ñëåäóåò, ÷òî lim
n→∞ακ(n), κ ≥ 1, ñóùåñòâóåò. Ïîëîæèì
ακ = lim
n→∞ακ(n), κ = 1, 2, . . . . Ïóñòü α = maxr,j Hrj , òàê êàê A êîíå÷íî, è ψj , ψr ∈
D(Hˆ), r, j ∈ A, òî α < ∞. Ïóñòü NA  ÷èñëî ýëåìåíòàðíûõ ñîáûòèé, âõîäßùèõ â
ìíîæåñòâî A, òî åñòü NA = dimA. Ïðè äîñòàòî÷íî áîëüøèõ n ðàâíîìåðíî ïî κ,
|ακ(n)| ≤ bκ, ãäå
bκ =
∑
rk∈A\rk−1
k=1,...,κ−1
t−τ∫
0
τκ−1∫
0
. . .
τ1∫
0
eτ0Hr0r0
κ−1∏
k=0
(|Hrkrk+1 |e∆τkHrk+1rk+1 ) dτ,
ãäå ∆τ è
∞∑
κ=1
bκ ≤
∞∑
κ=1
1
κ! [α(NA − 1)(t− τ)]κe(t−τ)α ≤ eαNA(t−τ).
Ðßä
∞∑
κ=1
ακ àáñîëþòíî ñõîäèòñß, òàê êàê |ακ| ≤ bκ.
Òàêèì îáðàçîì, sup
n
∞∑
κ=1
|ακ(n)| <∞,
∞∑
κ=1
|ακ| <∞ è lim
n→∞ακ(n) = ακ. Ïîêàæåì<
÷òî lim
n→∞
n∑
κ=1
ακ(n) =
∞∑
κ=1
ακ. Äåéñòâèòåëüíî äëß ∀ε > 0, ∃N1 > 0 òàêîå, ÷òî äëß
∀n > N1
n∑
κ=N1
|ακ(n)| < ε. Îòñþäà sup
n>N1
n∑
κ=N1
|ακ(n)| < ε. Äàëåå, ∃N2 > 0 òàêîå,
÷òî
∞∑
κ=N2
|ακ| < ε. Ïóñòü N = max(N1, N2), òîãäà íàéäåòñß òàêîå N0 > N , ÷òî
N∑
κ=1
|ακ(n)− ακ| < ε, äëß ∀n > N0. Èòàê, äëß ∀ε > 0, ∃N0 > 0, òàêîå, ÷òî äëß âñåõ
n > N0∣∣∣∣∣
n∑
κ=1
ακ(n)−
∞∑
κ=1
ακ
∣∣∣∣∣ ≤
N∑
κ=1
|ακ(n)− ακ|+
n∑
κ=N+1
|ακ(n)|+
n∑
κ=N+1
|ακ| ≤ 3ε.
Îòñþäà íåïîñðåäñòâåííî ñëåäóåò ñîîòíîøåíèå (2).
Ïîëîæèì
y
(A)
rj (t) =
t∫
0
eiτ0Hrr iHrje
i(t−τ0)Hjjdτ0 +
+
∞∑
κ=2
∑
rk∈A\rk−1
k=1,...,κ−1
t∫
0
τκ−1∫
0
. . .
τ1∫
0
eiτ0Hr0r0 iHr0r1 . . . iHrκ−1je
i(t−τκ−1)Hjjdτ. (4)
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Èç ñîîòíîøåíèé (2), (4) ñëåäóåò, ÷òî
Pρ(t, j, (τ, t), A | τ, r) = |y(A)rj (t− τ)|2, ïðè r 6= j.
Êàæäûé ÷ëåí ðßäà (4) íåïðåðûâíî äèôôåðåíöèðóåì ïî ïàðàìåòðó t, t ∈ [0,∞)
è ðßä ïðîèçâîäíûõ àáñîëþòíî ñõîäèòñß äëß ∀t ∈ [0,∞). Ñëåäîâàòåëüíî, ðßä â
ñîîòíîøåíèè (4) ìîæíî äèôôåðåíöèðîâàòü ïî÷ëåííî.
Òî÷íî òàêæå ìîæíî ïîêàçàòü, ÷òî
Eˆ(τ,t)(r,A, r)ψρ
/〈ψρ, ψr(τ)〉 = ψr(t)[ei(t−τ)Hrr +
+
∞∑
κ=2
∑
rk∈A\rk−1
k=1,...,κ−1
t−τ∫
0
τκ−1∫
0
. . .
τ1∫
0
eiτ0Hrr iHrr1e
i∆τ1Hr1r1 . . . iHrκ−1re
i(t−τ−τκ−1)Hrr dτ
]
.
Äàëåå, Pρ(t, j, (τ, t), A | τ, r) = |y(A)rj (t− τ)|2, ãäå
y(A)rr (t) = e
itHrr +
∞∑
κ=2
∑
rk∈A\rk−1
k=1,...,κ−1
∫ t
0
τκ−1∫
0
. . .
τ1∫
0
eiτ0Hrr iHrr1 . . . iHrκ−1re
i(t−τκ−1)Hrrdτ,
(5)
ïðè÷åì y(A)rr (t) íåïðåðûâíî äèôôåðåíöèðóåìà ïî ïàðàìåòðó t ∈ [0,∞), è ðßä â
ïðàâîé ÷àñòè ñîîòíîøåíèß (5) äèôôåðåíöèðóåì ïî÷ëåííî.
Â ðåçóëüòàòå äèôôåðåíöèðîâàíèß ñîîòíîøåíèé (4) è (5), à òàêæå ó÷èòûâàß
y
(A)
rj (0) = δrj , ïîëó÷àåì ïåðâóþ ñèñòåìó ËÄÓ
1
i
d
dt
y
(A)
rj (t) =
∑
k∈Ω
Hrky
(A)
kj (t), y
(A)
rj (0) = δrj , r, j ∈ A.
Ïðîèçâåäß â ñîîòíîøåíèßõ (4) è (5) çàìåíó ïåðåìåííûõ τ0 = t − s0, τ1 = t −
s1, . . . , τκ−1 = t − sκ−1, à çàòåì ïðîäèôôåðåíöèðîâàâ ïî ïàðàìåòðó t ïîëó÷àåì
âòîðóþ ñèñòåìó ËÄÓ
1
i
d
dt
y
(A)
rj (t) =
∑
k∈Ω
y
(A)
rk (t)Hkj , y
(A)
rj (0) = δrj , r, j ∈ A.
Äàëåå êâàíòîâàß âåðîßòíîñòü Pρ(t, j, (τ, t), A | τ, r), â ñèëó ñâîåãî îïðåäåëåíèß,
àääèòèâíà ïî ïàðàìåòðó j è∑
j∈A
Pρ(t, j, (τ, t), A | τ, r) = ‖Eˆt(A)Eˆ(τ,t)(A)Eˆτ (r)ψρ‖2
/‖Eˆτ (r)ψρ‖2,
ãäå tk = τ + (t− τ)k/n, k = 0, 1, . . . , n.
lim
n→∞ ‖Eˆt0...tn(r)ψρ‖
2
/‖Eˆt0(r)ψρ‖2 =
= lim
n→∞
∣∣1 + i(t− τ)/n〈ψr, Hˆψr〉+ o((t− τ)/n)∣∣2n = 1.
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Òîãäà äëß ∀A ⊂ Ω òàêîãî, ÷òî {r} ⊂ A, èìååì
Eˆ∗t1...tn(A)Eˆt1...tn(A) Â Eˆ∗t1...tn(r)Eˆt1...tn(r)
äëß ∀{t1, . . . , tn} ∈ L(ab). Ñëåäîâàòåëüíî,
1 ≥
∑
j∈A
Pρ(t, j, (τ, t), A | τ, r) = lim
n→∞ ‖Eˆt1...tn(A)Eˆt0(r)ψρ‖
2
/‖Eˆt0(r)ψρ‖2 ≥
≥ lim
n→∞ ‖Eˆt0...tn(r)ψρ‖
2
/‖Eˆt0(r)ψρ‖2 = 1.
Èòàê
∑
j∈A
Pρ(t, j, (τ, t), A | τ, r) = 1. Òåîðåìà äîêàçàíà.
Èç òåîðåìû 2 íåïîñðåäñòâåííî ñëåäóåò Pρ(t, j, (τ, t), A | τ, r) ≡ 1, åñëè r ⊆ A
äëß ∀A ∈ Ω. Òî åñòü, âåðîßòíîñòü òîãî, ÷òî êâàíòîâàß ñèñòåìà íå ïîêèíåò ôèêñè-
ðîâàííîãî ìíîæåñòâà A íà ëþáîì èíòåðâàëå (t, τ), ïðè óñëîâèè, ÷òî íàáëþäåíèå
íåïðåðûâíî âåäåòñß çà ñèñòåìîé òîëüêî â ýòîì ìíîæåñòâå, òîæäåñòâåííî ðàâíà
åäèíèöå. Âïåðâûå íà ýòîò ýôôåêò â êâàíòîâîé òåîðèè áûëî îáðàùåíî âíèìàíèå â
ðàáîòå [2].
Â êà÷åñòâå ïðèìåðà, èëëþñòðèðóþùåãî ðåçóëüòàò òåîðåìû 2, ðàññìîòðèì êâàí-
òîâûé ëèíåéíûé îñöèëëßòîð, âîçìóùàåìûé ïîñòîßííîé ñèëîé F . Ãàìèëüòîíèàí
òàêîé ñèñòåìû èìååò âèä:
Hˆ =
mω2
2
Xˆ2 +
1
2m
Pˆ 2 − FXˆ.
Ïóñòü {ψn}  ñ÷åòíàß îðòîíîðìèðîâàííàß ñèñòåìà ñîáñòâåííûõ âåêòîðîâ ñàìî-
ñîïðßæåííîãî îïåðàòîðà Hˆ0 = 12m Pˆ 2 + mω
2
2 Xˆ
2, îáðàçóþùàß áàçèñ â ñåïàðàáåëü-
íîì ãèëüáåðòîâîì ïðîñòðàíñòâå H: Hˆ0ψn = ~ω(n + 1/2)ψn, n ∈ Ω. Çàäàäèì ïðî-
åêòîðîçíà÷íóþ ìåðó Eˆ íà Ω, ðàâåíñòâîì Eˆ(n)ψn = ψn, n ∈ Ω. Òîãäà Hrj =
〈ψr, Hˆψj〉 = 0, åñëè j 6= r − 1, r, r + 1, Hr,r−1 = −F
√
r~/(2mω), Hrr = ~ω(r + 1/2),
Hr,r+1 = −F
√
(r + 1)~/(2mω), è, ñîãëàñíî ðåçóëüòàòó òåîðåìû 2,
1
i
d
dt
y
(A)
rj (t) =
∑k=j+1
k=j−1 y
(A)
rk (t)Hkj , y
(A)
rj (0) = δrj .
Â ÷àñòíîñòè, åñëè A ñîñòîèò èç äâóõ ýëåìåíòàðíûõ ñîáûòèé {r} è {j}, ãäå j 6=
r − 1, r + 1, òî y(A)rj (t) ≡ 0 è Pρ(t, j, (τ, t), A | τ, r) ≡ 1. Åñëè j = r − 1, òî, ïîëàãàß
κ = 2~F 2/(mω) è v = (~ω)2, ïîëó÷èì
Pρ(t, r − 1, (τ, t), A|τ, r) = κr/(v + κr) sin2(1/2
√
(v + κr)(t− τ)),
åñëè j = r + 1, òî
Pρ(t, r + 1, (τ, t), A|τ, r) = κ(r + 1)/(v + κ(r + 1)) sin2(1/2
√
(v + κ(r + 1))(t− τ)).
Ðåçóëüòàòû òåîðåì 1, 2, ïî ñóùåñòâó, ñâîäßò íàõîæäåíèå ïåðåõîäíûõ êâàíòî-
âûõ âåðîßòíîñòåé ê ðåøåíèþ ëèíåéíûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðßäêà ñ ïîñòîßííûìè êîýôôèöèåíòàìè.
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4. Ðåàëèçàöèß ìåòîäà âû÷èñëåíèß ïåðåõîäíûõ âåðîßòíîñòåé
Ìåòîä âû÷èñëåíèß ïåðåõîäíûõ êâàíòîâûõ âåðîßòíîñòåé ðåàëèçîâàí äëß ñïåöè-
àëüíîãî ñëó÷àß, êîãäà ýðìèòîâà ìàòðèöà H èìååò òðåõäèàãîíàëüíóþ ôîðìó ïðåä-
ñòàâëåíèß. Â îáùåì ñëó÷àå äëß ïðîèçâîëüíîé ýðìèòîâîé ìàòðèöû H ýòà ìàòðèöà
äî ïðèìåíåíèß ìåòîäà ïðåäâàðèòåëüíî äîëæíà ïðèâîäèòüñß ê òðåõäèàãîíàëüíîé
ôîðìå.
Ìåòîä âû÷èñëåíèß âåðîßòíîñòè åñòåñòâåííûì îáðàçîì ðàñïàäàåòñß íà äâå îñ-
íîâíûå ñòàäèè:
 ïîëó÷åíèå ðåøåíèé ñèñòåìó ËÄÓ ïåðâîãî ïîðßäêà ñ ïîñòîßííûìè êîýôôè-
öèåíòàìè è ñ n íåèçâåñòíûìè (ñîâîêóïíîñòü n çàäà÷ Êîøè),
 ïðåäñòàâëåíèå ïåðåõîäíûõ êâàíòîâûõ âåðîßòíîñòåé (â òàáëè÷íîì èëè ãðàôè-
÷åñêîì âèäå) êàê ôóíêöèé âðåìåíè ñ ïàðàìåòðàìè, õàðàêòåðèçóþùèìè íà÷àëüíîå
è êîíå÷íîå ñîñòîßíèå ïåðåõîäà.
Ïîëó÷åíèå ðåøåíèé ñèñòåìû ËÄÓ ñòðîèòñß ïî èçâåñòíîé ñõåìå:
 ñîñòàâëåíèå õàðàêòåðèñòè÷åñêîãî ïîëèíîìèàëüíîãî óðàâíåíèß
det |H − λI| = 0;
 íàõîæäåíèå åãî êîðíåé λ1, . . . , λn(ñîáñòâåííûõ çíà÷åíèé), êîòîðûå â ñëó÷àå
íåâûðîæäåííîé ýðìèòîâîé ìàòðèöû H ßâëßþòñß âåùåñòâåííûìè è ðàçëè÷íûìè;
 îïðåäåëåíèå ñîáñòâåííûõ âåêòîðîâ ξ1, . . . , ξn, èç ñèñòåì ëèíåéíûõ óðàâíå-
íèé Hξk = λkξk è ‖ξk‖ = 1, ξk = (ξ1k, ξ2k, . . . , ξnk ), k = 1, . . . , n, ðàçëîæåíèå íà-
÷àëüíûõ óñëîâèé r-é çàäà÷è Êîøè ïî ñîáñòâåííûì âåêòîðàì x(r)0 =
∑k=n
k=1 C
(r)
k ξk,
r = 1, . . . , n, (ãäå x(r)0  åäèíè÷íûé âåêòîð è, ñëåäîâàòåëüíî, ââèäó îðòîãîíàëüíîñòè
ñîáñòâåííûõ âåêòîðîâ C(r)k = ξ
(r)
k ), çàïèñü ðåøåíèé â âèäå x(r)(t) =
∑k=n
k=1 C
(r)
k e
iλktξk,
ãäå x(r)(0) = x(r)0 .
Èñêîìàß âåðîßòíîñòü îïðåäåëßåòñß ïî ôîðìóëå (6):
P (t, j | o, r) =
(∑k=n
k=1
ξ(k)r ξ
(j)
k cos(λkt)
)2
+
(∑k=n
k=1
ξ(k)r ξ
(j)
k sin(λkt)
)2
. (6)
Âû÷èñëåíèå õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà òðåõäèàãîíàëüíîé ìàòðèöû H
îñóùåñòâëßëîñü ïî ðåêóððåíòíîé ôîðìóëå. Íåñêîëüêî òðóäíåå, ïðè áîëüøèõ n,
áûëî íàõîäèòü ñ âûñîêîé òî÷íîñòüþ, ¾áîëüøèå¿ ïî âåëè÷èíå êîðíè ýòîãî õàðàê-
òåðèñòè÷åñêîãî óðàâíåíèß. Äëß ëîêàëèçàöèè êîðíåé èñïîëüçîâàëñß ìåòîä Ëîáà-
÷åâñêîãî [3], à äëß óòî÷íåíèß çíà÷åíèß êîðíåé ïðèìåíßëñß ìåòîä Íüþòîíà. Äëß
íàõîæäåíèß ñîáñòâåííûõ âåêòîðîâ ïðèìåíßëñß ìåòîä îáðàòíîé èòåðàöèè [4], â êî-
òîðîì èñïîëüçîâàëèñü ïîëó÷åííûå ïðèáëèæåííûå ñîáñòâåííûå çíà÷åíèß {λk}.
5. Çàêëþ÷åíèå
Êàê ïîêàçàëè ðàñ÷åòû, ïîâåäåíèå ïåðåõîäíûõ êâàíòîâûõ âåðîßòíîñòåé ñèëüíî
çàâèñèò îò ÷èñëà ñîñòîßíèé êâàíòîâîé ñèñòåìû, ÷åì ñèëüíåå ¾îñöèëëßöèß¿ êâàí-
òîâîé âåðîßòíîñòè.
Ñîçäàåòñß âïå÷àòëåíèå, ÷òî óâåëè÷åíèå ÷èñëà ñîñòîßíèé äî ñ÷åòíîãî ìíîæåñòâà
äîëæíî ïðèâîäèòü ê ñèíãóëßðíîìó ïîâåäåíèþ ïåðåõîäíûõ êâàíòîâûõ âåðîßòíî-
ñòåé. Îäíàêî, â ñèëó ïîëó÷åííûõ ðåçóëüòàòîâ, âåðîßòíîñòü îñòàåòñß íåïðåðûâíî-
äèôôåðåíöèðóåìîé ôóíêöèåé ïàðàìåòðà t è äëß ñ÷åòíîãî ÷èñëà ñîñòîßíèé.
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Ïîëó÷åííûå ðåçóëüòàòû áûëè èñïîëüçîâàíû äëß ñîçäàíèß èìèòàöèîííîé ìî-
äåëè ïîâåäåíèß êâàíòîâîãî îñöèëëßòîðà, âîçìóùàåìîãî ïîñòîßííîé ñèëîé, â óñëî-
âèßõ ïðîâåäåíèß äèñêðåòíûõ è íåïðåðûâíûõ êâàíòîâûõ èçìåðåíèé. Ðåçóëüòàòû
ðàáîòû ïîçâîëßþò ñòðîèòü èìèòàöèîííûå ìîäåëè ýâîëþöèè è äëß áîëåå ñëîæíûõ
êâàíòîâûõ ñèñòåì, ó÷èòûâàþùèå âëèßíèå êâàíòîâûõ èçìåðåíèé íà ïîâåäåíèå òà-
êèõ ñèñòåì.
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